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Abstract
We study the quantum properties of two theories with a non-anticommutative (or nilpo-
tent) chiral singlet deformation of N = (1, 1) supersymmetry: the abelian model of a
vector gauge multiplet and the model of a gauge multiplet interacting with a neutral
hypermultiplet. In spite of the presence of a negative-mass-dimension coupling constant
(deformation parameter), both theories are shown to be finite in the sense that the full
effective action is one-loop exact and contains finitely many divergent terms, which van-
ish on-shell. The β-function for the coupling constant is equal to zero. The divergencies
can all be removed off shell by a redefinition of one of the two scalar fields of the gauge
multiplet. These notable quantum properties are tightly related to the existence of a
Seiberg-Witten-type transformation in both models.
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1 Introduction and summary
Recently, there was a string-theory motivated [1] surge of interest in non-anticommutative
deformations of Euclidean superspaces and the corresponding deformed supersymmetric
field theories [2] – [21]. The non-anticommutative (or “nilpotently deformed”) field the-
ories, introduced and studied in [1, 2], provide an effective description of the low-energy
dynamics of D-branes in superstring theory in the presence of constant graviphoton flux.
Their possible physical applications, as established in [1], are related, e.g., to modifica-
tions of the glueball superpotential and the expectation value for the glueball field in
N = 1 supersymmetric field theories. The non-anticommutativity is also of interest from
the phenomenological point of view, since it provides a new mechanism for the explicit
partial breaking of supersymmetry. When such a deformation is turned on, only a part
(generically, half) of the original supersymmetry remains realized in a standard way and
can still be regarded as a symmetry of the deformed field-theoretical model. The study
of field theories in non-anticommutative N = (1/2, 1/2) superspace, initiated by ref. [2],
was soon extended to the case of non-anticommutative N = (1, 1) superspace [3, 4].
Non-anticommutative field theories require new geometrical structures for their con-
cise formulation, which is one more source of interest in such theories. The non-anticom-
mutativity brings additional parameters which lead to the deformation of the anticom-
mutation relations for the Grassmann coordinates of superspace, e.g. {θα, θβ}⋆ = Cαβ
in N = (1/2, 1/2) superspace [2] or {θαi , θ
β
j }⋆ = C
αβ
ij for N = (1, 1) superspace [3],
with Cαβ and Cαβij being constant matrices. The deformed models are described in
superspace by introducing the ⋆-multiplication of superfields which is associative but
non(anti)commutative [5]. This means that the deformed models are obtained from the
conventional supersymmetric ones just by replacing the usual multiplication of superfields
by the ⋆-product. In such a way, the Wess-Zumino and super Yang-Mills (SYM) models
in non-anticommutative N = (1/2, 1/2) Euclidean superspace were constructed in [2].
The non-anticommutative versions of the N = (1, 1) vector multiplet and hypermultiplet
in the N = (1, 1) harmonic superspace approach were pioneered in [3, 4]. A more detailed
treatment of these N = (1, 1) models, including the analysis of the component structure
of the actions respecting unbroken N = (1, 0) supersymmetry, was undertaken in [6] –
[11].
The non-anticommutative field theories reveal surprising quantum properties. An
amazing feature is that, for all currently studied examples, the renormalizability properties
of deformed theories are not spoiled as compared to the case without deformation. More
specifically, non-anticommutative N = (1/2, 0) supersymmetric Wess-Zumino and Yang-
Mills models were proved to be renormalizable [12] – [19]. From the field-theoretical point
of view this property looks rather mysterious since such models contain the parameters
of non-anticommutativity Cαβ with mass dimension −1 and, by naive power-counting
arguments, should be divergent at any order of perturbation theory. However, a key
feature of non-anticommutativity is that all such models are consistent only in Euclidean
space where the reality properties radically differ from those in Minkowski space. An
important manifestation of this difference in the quantum computations is that the new
1
vertices appearing with the parameters Cαβ are not accompanied by their conjugates
and, for this reason, only finitely many divergent Feynman graphs with new divergencies
appear. For example, for the non-anticommutative Wess-Zumino model it was shown that
only a single new divergent term should be added to the classical action, and the model
where such an extra term is added from the very beginning is renormalizable in the usual
sense [12, 13, 14, 15]. The non-anticommutative super Yang-Mills model was also proved
to be renormalizable using component field formulations [15, 16, 17, 18] and superspace
techniques [19]. Note that, in N = (1/2, 0) gauge theories, quantum computations in
components also produce new field structures which are not present in the classical action
but, in contrast to the Wess-Zumino model, can be removed from the effective action by
a simple shift of the gaugino field [18]. Thus, N = (1/2, 0) non-anticommutative theories
provide interesting examples of renormalizable field theories with dimensionful coupling
constants, i.e. the deformation parameters.
The study of theories with non-anticommutative deformations of N = (1, 1) super-
symmetry is more involved. In particular, there are different types of chiral deformation
of N = (1, 1) superspace related to different choices of constants Cαβij = {θ
α
i , θ
β
j }⋆ . The
simplest case Cαβij = 2Iε
αβεij is called the singlet deformation [3, 4]. The N = (1, 1)
classical models with singlet non-anticommutative deformation have been constructed in
[6, 7, 8]. Note that the singlet non-anticommutative deformations of N = (1, 1) super-
space also emerge from string theory considered on the axionic background [6]. The case
of non-singlet deformations was considered in [10, 11], where the structure of the classical
action of the super Yang-Mills model was studied in some detail. In this paper we will
analyze only models with singlet deformation, which can be described using the following
N = (1, 1) superfield ⋆-product [3],
A ⋆ B = A exp
(
−Iεαβεij
←−
Q
i
α
−→
Q
j
β
)
B, (1.1)
where Qiα are the N = (1, 1) supercharges and I is the parameter of singlet non-anti-
commutativity. The multiplication (1.1) breaks N = (1, 1) supersymmetry by half, i.e.
down to N = (1, 0). Nevertheless, this deformation preserves chirality and Grassmann
harmonic analyticity [3] and therefore suits well for the use of N = 2 harmonic superspace
techniques. The classical superfield actions for non-anticommutative N = (1, 1) models of
the vector multiplet and the hypermultiplet were constructed in harmonic superspace in
[3]. The component structure of these actions was studied extensively [6, 7, 8]. However,
the quantum aspects of such models have never been studied. In particular, the problem
of the renormalizability of these models and the problem of constructing the effective
actions have not been addressed so far. The study of these issues is of substantial interest
since the renormalizability of deformed N = (1, 1) models is not evident and we can
expect that the effective action in the case under consideration will possess a number of
very nontrivial properties.
By this paper we begin a systematic study of quantum aspects of the non-anticommu-
tative models with deformed N = (1, 1) supersymmetry. Here we answer affirmatively the
question of renormalizability for non-anticommutative models of the abelian N = (1, 1)
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vector multiplet 1, with and without adding a neutral hypermultiplet, in the case of a
singlet deformation of the form (1.1). The renormalizability of these models can be for-
mally established by applying the Wilsonian renormalization group arguments, developed
previously for N = (1/2, 0) supersymmetric models in [15]. To find the structure of di-
vergent terms in the effective action we perform the one-loop quantum computations and
observe several specific properties of the two models. First, the divergent terms appear
only in the vector loop in the SYM model or in the scalar loop in the hypermultiplet
model. The external lines must carry only the scalar φ¯ belonging to the vector multiplet.
The fermionic contributions are trivial. Second, all divergent contributions combine in
two gauge invariant and N = (1, 0) supersymmetric expressions depending on the single
scalar field φ¯ only and vanishing at the classical equations of motion. These two divergent
terms represent new interactions which were not present in the classical actions of the
considered models. However, they do not spoil the renormalizability since they can be
completely absorbed into a redefinition of the second scalar field φ. This situation is very
similar to the N = (1/2, 0) gauge model studied in [18], where it was shown that the non-
anticommutative interaction also generates new terms in the effective action which can
be eliminated from the theory by a shift of the gaugino field. Third, we demonstrate that
the appropriate change of fields in the classical actions (a Seiberg-Witten-like map)[6, 7]
allows one to completely avoid any divergence in the effective action. This fact emphasizes
that the divergencies are unphysical from the standard point of view.
Despite the disadvantage that the considered theories have to be regarded as a sort
of toy models, they are relevant for the quantum structure of non-abelian non-anticom-
mutative SYM theory, since they appear as a U(1) sector in non-anticommutative U(N)
gauge theories. Hence, the proof of renormalizability of the abelian vector multiplet and
hypermultiplet models is a prerequisite for the analogous study of the deformed U(N)
N = (1, 1) gauge theories. Moreover, the results obtained support the hypotheses that
the non-anticommutative deformations of supersymmetry cannot spoil the renormaliz-
ability of supersymmetric theories and provide a way of construction of renormalizable
supersymmetric models with partially broken supersymmetry.
The paper is organized as follows. In Section 2 we compute the one-loop effective action
in the non-anticommutative N = (1, 1) abelian gauge theory formulated in terms of com-
ponent fields and prove the renormalizability of this model. In Section 3 we prove, in the
same way as for the pure gauge theory, the renormalizability of the non-anticommutative
deformation of a coupled system of neutral hypermultiplet and abelian gauge multiplet.
In Section 4 we study the interplay between the Seiberg-Witten map and the problem
of renormalizability of the considered models. Section 5 contains the conclusions and
some discussion of the results obtained. In the Appendix we collect the formulas for the
regularization of divergent momentum integrals which are met in the calculations of the
effective action, and we also list the corresponding Feynman diagrams.
We follow the conventions and notation of refs. [6, 7].
1Although the model under consideration has U(1) gauge symmetry, it is interacting due to non-an-
ticommutativity.
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2 Renormalizability of non-anticommutative abelian
N = (1, 0) supergauge theory
The classical superfield action of N = (1, 1) non-anticommutative U(1) gauge model was
given in [3, 4, 6]
SSYM =
1
4
∫
d8zcduW
2 . (2.1)
Here W is the N = (1, 1) superfield strength which is covariantly chiral, ∇¯iα˙ ⋆W =
(D¯iα˙+ A¯
i
α˙⋆)W = 0 , d
8zc = d
4xcd
4θ is the integration measure of the chiral superspace and
du stands for the integration over the harmonic variables. The action (2.1) is invariant
under the deformed U(1) gauge transformations
δW = [W,Λ]⋆ =W ⋆ Λ− Λ ⋆W, (2.2)
where Λ is an arbitrary analytic superfield and the ⋆-product was defined in (1.1).
The covariantly chiral superfield W can be decomposed into usual chiral superfields
W = A+ θ¯+α˙ τ
−α˙ + (θ¯+)2τ−2 , (2.3)
with D¯iα˙A = D¯
i
α˙τ
−α˙ = D¯iα˙τ
−2 = 0 . It is easy to demonstrate that only the superfield A
contributes to the action (2.1) [6]
SSYM =
1
4
∫
d8zcduA
2. (2.4)
The component structure of A was found in [6]
A(zc, u) = [φ+
4IAmAm
1 + 4Iφ¯
+
16I3(∂mφ¯)
2
1 + 4Iφ¯
]
+2θ+[Ψ− +
4I(σmΨ¯
−)Am
1 + 4Iφ¯
]−
2θ−
1 + 4Iφ¯
[Ψ+ +
4I(σmΨ¯
+)Am
1 + 4Iφ¯
]
+(θ+)2[
8I(Ψ¯−)2
1 + 4Iφ¯
+D−−] +
(θ−)2
(1 + 4Iφ¯)2
[
8I(Ψ¯+)2
1 + 4Iφ¯
+D++]
−
2(θ+θ−)
1 + 4Iφ¯
[
8I(Ψ¯+Ψ¯−)
1 + 4Iφ¯
+D+−] + (θ+σmnθ
−)(Fmn −
8I∂[mφ¯An]
1 + 4Iφ¯
)
+2i(θ−)2θ+σm∂m
Ψ¯+
1 + 4Iφ¯
+ 2i(θ+)2(1 + 4Iφ¯)θ−σm∂m
Ψ¯−
1 + 4Iφ¯
−(θ+)2(θ−)2φ¯ . (2.5)
Here D++ = Dklu+k u
+
l , D
+− = Dklu+k u
−
l , φ, φ¯ are the scalar fields, Ψ
±
α = Ψ
i
αu
±
i , Ψ¯
±
α˙ =
Ψ¯iα˙u
±
i are the spinors, Am is the vector field, D
kl is the auxiliary field. Substituting the
4
expression (2.5) into the action (2.4) we find
SSYM = Sφ + SΨ + SA, (2.6)
Sφ = −
1
2
∫
d4xφ¯
[
φ+
4IAmAm
1 + 4Iφ¯
+
16I3∂mφ¯∂mφ¯
1 + 4Iφ¯
]
, (2.7)
SΨ = i
∫
d4x
(
Ψiα +
4IAmσm
α
α˙Ψ¯
iα˙
1 + 4Iφ¯
)
(σn)αβ˙∂n
(
Ψ¯β˙i
1 + 4Iφ¯
)
+
1
4
∫
d4x
1
(1 + 4Iφ¯)2
(
8IΨ¯iα˙Ψ¯
jα˙
1 + 4Iφ¯
+Dij
)(
8IΨ¯iα˙Ψ¯
α˙
j
1 + 4Iφ¯
+ Dij
)
, (2.8)
SA =
∫
d4x
[
−
1
2
AnAn −
1
2
∂mAm∂nAn +
1
2
AnAn ln(1 + 4Iφ¯)
−εmnrs∂rAsAn∂m ln(1 + 4Iφ¯) +
1
2
AnAn∂m ln(1 + 4Iφ¯)∂m ln(1 + 4Iφ¯)
−
1
2
AmAn∂m ln(1 + 4Iφ¯)∂n ln(1 + 4Iφ¯) + ∂nAmAn∂m ln(1 + 4Iφ¯)
]
. (2.9)
At this step it is convenient to eliminate the auxiliary field Dij using its classical equation
of motion Dij = −8IΨ¯iα˙Ψ¯
jα˙/(1+4Iφ¯), then the terms in the second line of (2.8) disappear
and the action SΨ simplifies to
SΨ = i
∫
d4x
(
Ψiα +
4IAmσm
α
α˙Ψ¯
iα˙
1 + 4Iφ¯
)
(σn)αβ˙∂n
(
Ψ¯β˙i
1 + 4Iφ¯
)
. (2.10)
Note that model (2.6) is formulated in the Euclidean rather then Minkowski space. This
means that the fields φ, φ¯ and Ψiα, Ψ¯
i
α˙ are not conjugated to each other.
Before continuing with the quantization of the model (2.6) we would like to adduce
here some intuitive arguments in favour of the renormalizability of this theory. Following
the work [15], we will use the Wilsonian approach [22] which ensures the renormalizabil-
ity of lagrangians containing a finite number of local operators with scaling dimensions
not greater than four. The lagrangian (2.6) contains a finite number of local operators
(interaction terms), but the dimensions of some of these operators are greater than four.
For example, the interaction terms
φ¯AmAm
1 + 4Iφ¯
,
φ¯∂mφ¯∂mφ¯
1 + 4Iφ¯
(2.11)
in (2.7) have mass dimensions 5 and 7, respectively. Therefore, the arguments of Wilsonian
approach cannot be directly applied to the action (2.6). However, in [15] it was proposed
to ascribe non-standard scaling dimensions to the fields involved. Following this way, let
us suppose that the dimensions of the coordinates of N = 2 superspace are
[θαi ] = 0, [θ¯
α˙i] = −1, [xm] = −1. (2.12)
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Then it is easy to see that the dimensions of physical component fields should be as
follows,
[φ] = 2, [φ¯] = 0, [Am] = 1,
[Ψiα] = 0, [Ψ¯iα˙] = 1
(2.13)
and the parameter of non-anticommutativity is dimensionless, [I] = 0. When the asym-
metrical scaling dimensions (2.13) are assumed, the operators (2.11), as well as other
interaction terms in (2.6), acquire the desired mass dimension 4. Therefore, such a model
has to be renormalizable on formal grounds by applying the Wilsonian argument. Note
that one can choose the asymmetrical scaling dimensions (2.13) just because the fields φ
and φ¯ as well as Ψiα and Ψ¯iα˙ are not related to each other by conjugation. The above
argument based on the relations (2.13) is useful only for establishing the very fact of
renormalizability and does not provide any specific rules for performing the renormaliza-
tion and/or clarifying its details. Having established the renormalizability of the model
in principle, we henceforth adopt the standard canonical dimensions for all fields.
Now we are going to consider the quantization of the model (2.6) in order to study
the structure of divergent terms and the details of renormalization procedure. The action
(2.6) is invariant under the following residual gauge transformations
δφ = −8IAm∂mλ, δφ¯ = 0,
δΨkα = −4I(σmΨ¯
k)α∂mλ, δΨ¯
k
α˙ = 0,
δAm = (1 + 4Iφ¯)∂mλ, δDkl = 0 ,
(2.14)
with λ being the gauge parameter. Note that the gauge field Am has a non-standard
transformation law. However, after the redefinition Am → am = Am/(1 + 4Iφ¯) the new
field am has the standard gauge transformation law δam = ∂mλ. Therefore, the standard
Lorentz gauge fixing condition reads ∂mam = 0, or
∂m
Am
1 + 4Iφ¯
= 0. (2.15)
Further we follow the routine Faddeev-Popov procedure to fix the gauge freedom in
the functional integral. Let us introduce the corresponding gauge-fixing function
χ = ∂m
Am
1 + 4Iφ¯
=
∂mAm − AmGm
1 + 4Iφ¯
, (2.16)
where
Gm(x) = ∂m ln[1 + 4Iφ¯(x)] . (2.17)
The function (2.16) transforms under the gauge transformations (2.14) as
δχ = ∂m
δAm
1 + 4Iφ¯
= λ. (2.18)
Therefore the action for the ghost fields is just the action of free scalars
SFP =
∫
d4x bc . (2.19)
6
The generating functional for the Green’s functions is now defined as 2
Z[J ] =
∫
D(φ, φ¯,Ψ, Ψ¯, Am, b, c)δ(χ−
∂mAm−AmGm
1+4Iφ¯
)e−
1
2
(SSYM+SFP+SJ ) , (2.20)
where
SJ =
∫
d4x[φJφ + φ¯Jφ¯ +Ψ
i
α(JΨ)
α
i + Ψ¯iα˙(JΨ¯)
iα˙ + Am(JA)m] (2.21)
and Jφ, Jφ¯, (JΨ)
α
i , (JΨ¯)
iα˙, (JA)m being sources associated with the fields φ, φ¯, Ψ
i
α, Ψ¯iα˙,
Am. We have inserted into (2.20) the functional delta-function which fixes the gauge
degrees of freedom in the functional integral over the gauge fields. This delta-function
can be easily written in the gaussian form by averaging (2.20) with the factor
1 =
∫
Dχe−
α
2
∫
d4xχ2(1+4Iφ¯)2 = Det−1/2[δ4(x− x′)(1 + 4Iφ¯)2] . (2.22)
The functional integral (2.22) generates the following gauge-fixing action
Sgf =
α
2
∫
d4x(∂mAm − AmGm)
2
=
α
2
∫
d4x[(∂mAm)
2 − 2∂mAmAnGn + AmAnGmGn] . (2.23)
Here α is an arbitrary parameter. For simplicity, in sequel we set α = 1 . As a result, the
generating functional (2.20) can be represented in the following form
Z[J ] =
∫
D(φ, φ¯,Ψ, Ψ¯, Am, b, c)e
− 1
2
(Stot+SFP+SJ ) , (2.24)
where
Stot = SSYM + Sgf
= −
1
2
∫
d4xφ¯(φ+ 4I2∂mφ¯Gm)
+ i
∫
d4x
(
Ψiα +
4IAmσm
α
α˙Ψ¯
iα˙
1 + 4Iφ¯
)
(σn)αβ˙∂n
(
Ψ¯β˙i
1 + 4Iφ¯
)
−
∫
d4x
[
1
2
AnAn −AnGm∂nAm + AnGn∂mAm + εmnrsGmAn∂rAs
]
.(2.25)
The functional integral (2.24) with the action (2.25) requires several comments.
1. The ghost fields b, c enter the action only through their kinetic term. Hence, they
fully decouple and can be integrated out.
2Note that the functional integral in the Euclidean space is defined as
∫
DΦe−
1
2
S[Φ] as compared with
the Minkowski space definition
∫
DΦe
i
2
S[Φ].
7
2. The action (2.25) defines the propagators and vertices, all what we need for per-
forming quantum computations in the model. Upon a careful examination of the
Feynman rules, one can prove the following statements (see Appendix A.2):
i. The one-loop effective action in the model is exact since it is impossible to
construct any higher loop diagrams;
ii. The fermionic fields Ψiα, Ψ¯
i
α˙ do not produce any quantum corrections to the
effective action (excepting for tree diagrams);
iii. Only the field φ¯ can appear at the external legs;
iv. The only contribution to the effective action comes from the vector loops with
arbitrary numbers of external φ¯ legs.
3. Note that the field φ¯ enters the action (2.25) only in the dimensionless combination
(Iφ¯). Then, by the dimensionality reasoning, the most general form of the effective
action depending on (Iφ¯) should be of the following form
Γ =
∫
d4x[f1(Iφ¯)I
2
φ¯φ¯+ f2(Iφ¯)I
3
φ¯∂mφ¯∂mφ¯+ f3(Iφ¯)I
4(∂mφ¯∂mφ¯)
2] , (2.26)
where f1, f2, f3 are some functions. The Feynman graph computations should
specify the unknown functions in (2.26).
The property iv implies that the effective action can be written as 3
ΓSYM =
1
2
Tr ln
δ2S˜
δAp(x)δAq(x′)
, (2.27)
where the action S˜ is the last line in (2.25)
S˜ =
∫
d4x
[
−
1
2
AnAn + AnGm∂nAm − AnGn∂mAm − εmnrsGmAn∂rAs
]
. (2.28)
The second functional derivative in (2.27) can be easily calculated
δ2S˜
δAp(x)δAq(x′)
= −δpqδ
4(x− x′) + 4G[q∂p]δ
4(x− x′) + 2εpqmnG
m∂nδ4(x− x′) . (2.29)
Substituting the expression (2.29) into (2.27) we have
ΓSYM =
1
2
Tr ln[δpqδ
4(x− x′) + 4G[p∂q]
1

δ4(x− x′)− 2εpqmnGm
∂n

δ4(x− x′)]
=
1
2
Tr
∞∑
j=1
(−1)j+1
j
[4G[p∂q]
1

δ4(x− x′)− 2εpqmnGm
∂n

δ4(x− x′)]j . (2.30)
3Note that the one-loop effective action in the Euclidean space is given by Γ = 12Tr lnS
′′[Φ] rather
then the Minkowski space expression Γ = i2Tr lnS
′′[Φ] . Here S′′[Φ] is the second functional derivative of
the classical action.
8
The sum in (2.30) is taken over the external legs Gm, where the field Gm depends on φ¯
according to the definition (2.17). Note that the expression (2.30) can be equivalently
rewritten in the form
ΓSYM =
1
2
Tr
∞∑
j=1
(−2)j+1
j
[Xmnp(x)∂n
1

δ4(x− x′)]j , (2.31)
where we have introduced the superfield
Xmnp = Gmδnp −Gpδmn −Gqεqpnm . (2.32)
The representation of the action (2.31) in terms of Feynman diagrams is given in the
Appendix A.2 (Fig. 1a).
The propagators in (2.30) appear in the combination ∂m
−1δ4(x − x′) . On the di-
mensionality grounds, only the expressions like[
∂m

δ4(x− x′)
]2
,
[
∂m

δ4(x− x′)
]3
,
[
∂m

δ4(x− x′)
]4
(2.33)
are divergent, all higher powers of these expressions produce finite contributions to the
effective action. Therefore, only two- three- and four-point diagrams make the divergent
contributions to the effective action (note that the external line is that of the fieldGm). We
are interested solely in the divergent contributions to the effective action, so we consider
the calculations of two-, three- and four-point functions separately.
According to eq. (2.30), the two-point function is defined by
ΓSYM2 = −
∫
d4x1d
4x2[2G[q(x1)∂p]
1

δ4(x1 − x2) + εpqmnGm(x1)∂n
1

δ4(x1 − x2)]
×[2G[p(x2)∂q]
1

δ4(x2 − x1) + εqprsGr(x2)∂s
1

δ4(x2 − x1)] . (2.34)
Unfolding the product of square brackets in (2.34) and passing to the momentum space
Gm(x) =
∫
d4p
(2π)4
eipnxnG˜m(p) , δ
4(x− x′) =
∫
d4p
(2π)4
eipn(x−x
′)n , (2.35)
we find
ΓSYM2 = −2
∫
d4p
(2π)8
G˜m(p)G˜r(−p)[2δmsδnr − 2δmrδns]
∫
d4k
kn(p+ k)s
k2(p+ k)2
. (2.36)
The divergent momentum integrals are calculated in the Appendix A.1 (eqs. (A.10),
(A.11)). Further we shall consider only the divergent part of the effective action (2.36) 4
ΓSYM2,div =
2π2
ε
∫
d4p
(2π)8
[G˜m(p)
1
3
(pmpn +
p2δmn
2
)G˜n(−p)− G˜m(p)p
2G˜m(−p)] . (2.37)
4In the dimensional regularization scheme all divergencies of the effective action appear with the
gamma-function factor Γ(ε) = 1
ε
− γ+O(ε) . Here ε = 2− d/2 , d is the dimension of space-time, γ is the
Euler constant. Therefore, all divergent contributions to the effective action enter with the factor 1/ε,
ε→ 0 .
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Switching back to the coordinate space and applying the relations (2.17) we obtain:
ΓSYM2,div =
1
16π2ε
∫
d4x ln(1 + 4Iφ¯)2 ln(1 + 4Iφ¯) . (2.38)
Consider now the computation of the divergent part of the three-point function
ΓSYM3 =
4
3
Tr[(2G[r(x)∂s] − εrsmnGm(x)∂n)
1

δ4(x− x′)]3
=
4
3
∫
d4x1d
4x2d
4x3[(Gt(x1)∂u −Gu(x1)∂t − εtumnGm(x1)∂n)
1

δ4(x1 − x2)]
×[(Gu(x2)∂w −Gw(x2)∂u − εuwrsGr(x2)∂s)
1

δ4(x2 − x3)]
×[(Gw(x3)∂t −Gt(x3)∂w − εwtpqGp(x3)∂q)
1

δ4(x3 − x1)] . (2.39)
As in the previous case, we do the products of all brackets, pass to the momentum space
and regularize the divergent integrals according to eq. (A.12). As a result, we arrive at
the following expression for the divergent part of the three-point Green function
ΓSYM3,div = −
1
4π2ε
∫
d4xGmGm∂nGn
= −
1
4π2ε
∫
d4x∂m ln(1 + 4Iφ¯)∂m ln(1 + 4Iφ¯) ln(1 + 4Iφ¯) . (2.40)
Here we made use of the definition (2.17).
The same machinery can be applied for computing the four-point Green function
ΓSYM4 = −2Tr[(2G[r(x)∂s] − εrsmnGm(x)∂n)
1

δ4(x− x′)]4
= −2
∫
d4x1d
4x2d
4x3d
4x4[(Gp∂q −Gq∂p − εp′qq′pGp′∂q′)
1

δ4(x1 − x2)]
×[(Gq∂m −Gm∂q − εm′mn′qGm′∂n′)
1

δ4(x2 − x3)]
×[(Gm∂n −Gn∂m − εr′ns′mGr′∂s′)
1

δ4(x3 − x4)]
×[(Gn∂p −Gp∂n − εtpunGt∂u)
1

δ4(x4 − x1)] . (2.41)
The divergent part of the action (2.41) is given by (after regularization of momentum
integrals in accord with (A.13) and careful counting of the coefficients)
ΓSYM4,div = −
5
16π2ε
∫
d4x(GmGm)
2 = −
5
16π2ε
∫
d4x[∂m ln(1+4Iφ¯)∂m ln(1+4Iφ¯)]
2 . (2.42)
Finally, we should put together the divergent contributions from two-, three,- and
four-point functions given by (2.38), (2.40) and (2.42). The result is the total one-loop
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divergent contribution to the effective action in the deformed N = (1, 1) SYM model
ΓSYMdiv =
1
16π2ε
∫
d4x ln(1 + 4Iφ¯)2 ln(1 + 4Iφ¯)
−
1
4π2ε
∫
d4x∂m ln(1 + 4Iφ¯)∂m ln(1 + 4Iφ¯) ln(1 + 4Iφ¯)
−
5
16π2ε
∫
d4x[∂m ln(1 + 4Iφ¯)∂m ln(1 + 4Iφ¯)]
2 . (2.43)
The expression (2.43), modulo a total derivative under the integral, can be equivalently
rewritten as
ΓSYMdiv =
1
π2ε
∫
d4x
I2φ¯φ¯
(1 + 4Iφ¯)2
−
6
π2ε
∫
d4x
4I3φ¯∂mφ¯∂mφ¯
(1 + 4Iφ¯)3
. (2.44)
The action (2.44) is the complete divergent part of the effective action in the deformed
abelian N = (1, 1) gauge model. It matches with the previously guessed structure (2.26).
At first sight, the model looks non-renormalizable, since the quantum computations
produce the terms (2.44) which are absent in the classical action (2.6). Therefore, in order
to make the model renormalizable we are led to extend the classical action (2.6) by the
two extra terms
c1
∫
d4x
I2φ¯φ¯
(1 + 4Iφ¯)2
+ c2
∫
d4x
4I3φ¯∂mφ¯∂mφ¯
(1 + 4Iφ¯)3
(2.45)
with some coupling constants c1, c2 . However, both these terms can be removed by
shifting the scalar field in the classical action
φ −→ φ− 2c1
I2φ¯
(1 + 4Iφ¯)2
− 2c2
4I3∂mφ¯∂mφ¯
(1 + 4Iφ¯)3
, while φ¯ −→ φ¯ . (2.46)
Therefore, the N = (1, 0) gauge model is renormalizable in the sense that all divergencies
can be removed by the redefinition of the scalar field φ . Note that the redefinition of
fields of the form (2.46) can be made in the functional integral (2.24). Since the Jacobian
of such a change of functional variables equals unity, the terms (2.45), being added to
the classical action (2.6), do not make new contributions to the effective action. In the
language of Feynman diagrams this means that the terms (2.45) generate new vertices for
the scalar field. But due to lacking of the propagator 〈φ¯φ¯〉 , no loops with such vertices
can be constructed.
This situation is completely analogous to the N = (1/2, 0) SYM model considered in
[18] where it was demonstrated that the quantum computations in this model generate the
divergent terms which are not present in the classical action, but these extra divergencies
can be removed by a simple shift of the gaugino field (the lowest component in N = (1, 1)
gauge multiplet). In our case the divergencies can also be removed by the shift of lowest
component of N = (1, 1) gauge multiplet (scalar field).
To summarize, we have calculated the full divergent contribution to the effective action
in the deformed abelian N = (1, 1) gauge model. It can be written in the form of two
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terms (2.44). Both these terms can be removed by the redefinition of classical field φ of
the form (2.46). Therefore the abelian deformed N = (1, 1) gauge model with the action
(2.6) is renormalizable. It is easy to see that the divergent terms (2.44) vanish on the
classical equations of motion, therefore the S-matrix in this model is divergence-free and
in this sense one can say that the model under consideration is finite.
3 Renormalizability of non-anticommutative neutral
hypermultiplet
In this Section we prove the renormalizability (finiteness) of the non-anticommutative
model of a neutral hypermultiplet interacting with an abelian gauge superfield. Firstly
we consider the case when the gauge superfield is treated as an external background and
then the case of general N = (1, 0) non-anticommutative model, with both gauge and
hypermultiplet superfields on equal footing.
Let us extend the non-anticommutative U(1) gauge model (2.6) by adding the hyper-
multiplet fields interacting with the vector multiplet. As pointed out in [7], it is possible
to consider here the adjoint and fundamental representations of non-anticommutative
U(1) group. These theories are called the neutral and charged hypermultiplet models, re-
spectively. We will study further only the neutral hypermultiplet model since it becomes
free in the undeformed limit I → 0 similarly to the deformed abelian supersymmetric
gauge model considered in Sect. 2. The model of charged hypermultiplet is essentially
different since it retains a non-vanishing interaction in the limit I → 0 and the considera-
tions of quantum aspects of this model within the component field formulation is a much
more complicated problem. The problem of computing the effective action in the charged
hypermultiplet model will be treated elsewhere.
The classical action of the neutral hypermultiplet model in the harmonic superspace
[23] is given by [7]
Shyp =
∫
dζdu q˜+(D++q+ + V ++ ⋆ q+ − q+ ⋆ V ++) . (3.1)
Here q+, q˜+ are hypermultiplet superfields, V ++ is the vector multiplet field, D++ is the
harmonic covariant derivative, dζdu is the integration measure of the analytic harmonic
superspace. For details of the harmonic superspace approach see, e.g., book [24]. The
action (3.1) is invariant under the following gauge transformations
δq˜+ = [q˜+,Λ]⋆, δq
+ = [q+,Λ]⋆, δV
++ = D++Λ + [V ++,Λ]⋆ (3.2)
with gauge parameter Λ being analytic superfield. It is obvious from (3.1) that the model
under consideration becomes free in the limit I → 0 .
The component form of the action (3.1) (with the auxiliary fields eliminated) was
given in [7]:
Shyp =
∫
d4x
[
1
2
(1 + 4Iφ¯)2∂mf
ak∂mfak +
i
2
(1 + 4Iφ¯)ραa∂αα˙χ
α˙
a
12
+4iIΨ¯α˙kρ
α
a∂αα˙f
ak + 2iIραaAm∂mραa + iIρ
βaραa∂(αα˙A
α˙
β)
]
. (3.3)
Here fak, ραa, χα˙a are physical scalar and spinor fields of the hypermultiplet, φ¯, Ψ¯
α˙
k , Am are
physical scalar, spinor and vector fields of the vector multiplet. The indices a, k running
over 1, 2 are doublet indices of two independent internal symmetry SU(2) groups.
Like in the case of the non-anticommutative gauge theory, we can give a formal proof of
renormalizability of the model (3.3) by applying the Wilsonian criterion [22]. According
to eq. (2.12), we should ascribe the following asymmetrical scaling dimensions to the
component fields of the hypermultiplet,
[fak] = 1, [ραa] = 1, [χα˙a ] = 2. (3.4)
Using eqs.(2.13), (3.4), it is easy to check that the dimensions of all operators in the action
(3.3) are just 4:
[(1 + 4Iφ¯)2∂mf
ak∂mfak] = 4, [(1 + 4Iφ¯)ρ
αa∂αα˙χ
α˙
a ] = 4,
[Ψ¯α˙kρ
α
a∂αα˙f
ak] = 4, [ραaAm∂mραa] = 4, [ρ
βaραa∂(αα˙A
α˙
β)] = 4.
(3.5)
Therefore, the action (3.3) satisfies the conditions of the Wilsonian approach, and the
abelian neutral hypermultiplet model is renormalizable. However the details of the renor-
malization procedure require further analysis.
Now we are going to compute directly the divergent contributions to the effective
action of neutral hypermultiplet model. As a prelude, let us comment on the structure of
eq. (3.3).
1. We consider the fields of the gauge multiplet (φ¯, Ψ¯α˙k , Am) as the external fields which
are not quantized. The quantum fields are physical fields of the hypermultiplet. Note
that the hypermultiplet fields enter the action (3.3) only quadratically, therefore the
effective action in this model is automatically one-loop exact. This is also clear from
the form of the superfield action (3.1).
2. As proved in Appendix A.3, the terms in the second line of (3.3) do not make any
contribution to the quantum effective action since the corresponding vertices appear
without their conjugates, and so the Feynman rules do not allow to compose any loop
from such vertices. Therefore for quantum calculations only first two terms in the
action (3.3) are really essential, and in what follows we can limit our consideration
just to these terms.
3. The first two terms in (3.3) depend only on the background field φ¯. Therefore,
the whole effective action is a functional of the form (2.26) containing only φ¯-
dependence.
4. It is easy to prove that the term i
2
(1 + 4Iφ¯)ραa∂αα˙χ
α˙
a , which is responsible for the
fermionic loop, does not make any non-trivial contribution to the effective action.
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Indeed, let us consider a part of the one-loop effective action which is produced by
this fermionic loop
Γferm = −Tr ln
δ2Shyp
δραa(x)δχα˙b (x
′)
= −Tr ln
[
i
2
(1 + 4Iφ¯)∂αα˙δ
4(x− x′)δba
]
= −2Tr ln[
i
2
(1 + 4Iφ¯)δ4(x− x′)]− 2Tr ln[∂αα˙δ
4(x− x′)] ≃ 0 . (3.6)
Both terms in the second line of (3.6) make only trivial contributions to the effective
action and so can be discarded.
Taking into account these remarks, the effective action in the hypermultiplet model
(3.3) is defined by
Γhyp =
1
2
Tr ln
δ2
δfak(x)δfa′k′(x′)
[
1
2
∫
d4x(1 + 4Iφ¯)2∂mf
ak∂mfak
]
. (3.7)
Calculating the functional derivative in (3.7) and performing some further manipulations,
we find
Γhyp = 2Tr ln
[
(1 + 4Iφ¯)2δ4(x− x′) + ∂m(1 + 4Iφ¯)
2∂mδ
4(x− x′)
]
= 2Tr ln
[
(1 + 4Iφ¯)2δ4(x− x′)
]
+2Tr ln
[
δ4(x− x′) + 2
1

Gm(x)∂mδ
4(x− x′)
]
. (3.8)
The second line of (3.8) does not contribute to the effective action since it is proportional
to δ4(0), which is zero in the dimensional regularization scheme. Therefore, making a
series expansion of the expression in the last line of (3.8), we obtain the following formal
answer for the effective action,
Γhyp = 2Tr
∞∑
n=1
(−1)n+1
n
[
2

Gm(x)∂mδ
4(x− x′)
]n
. (3.9)
Eq. (3.9) is the starting point of the perturbative calculation of the one-loop effective
action in the neutral hypermultiplet model. Resorting to the dimensional arguments, like
in the gauge model considered in Sect. 2, it is easy to show that only two-, three-, and four-
point functions are divergent since they contain the momentum integrals corresponding
to the expressions (2.33). As far as we are interested only in the divergent part of the
effective action, we will consider the computation of two-, three-, and four-point diagrams
separately.
According to eq. (3.9), the two-point function is defined by the expression
Γhyp2 = −4
∫
d4x1d
4x2Gm(x1)Gn(x2)
∂m

δ4(x1 − x2)
∂n

δ4(x2 − x1) . (3.10)
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Passing to the momentum space by the standard rules (2.35), we obtain
Γhyp2 = −4
∫
d4p
(2π)8
G˜m(p)G˜n(−p)
∫
d4k
km(p+ k)n
k2(p+ k)2
. (3.11)
The divergent momentum integral was calculated in the Appendix A.1 (eq. (A.10)). Here
we need only the divergent part of this integral which reads
Γhyp2,div =
2π2
3ε
∫
d4p
(2π)8
G˜m(p)G˜n(−p)
(
pmpn +
δmn
2
p2
)
. (3.12)
Switching back to the configuration space, we obtain the divergent two-point contribution
to the effective action
Γhyp2,div =
2
3ε16π2
∫
d4x[Gm(x)∂m∂nGn(x) +
1
2
Gm(x)Gm(x)]
= −
1
16π2ε
∫
d4x ln(1 + 4Iφ¯(x))2 ln(1 + 4Iφ¯(x)) . (3.13)
Up to the sign, the expression (3.13) is equal to the divergence of two-point function
(2.38) in the gauge model.
Consider now the three-point function
Γhyp3 =
16
3
∫
d4x1d
4x2d
4x3Gm(x1)Gn(x2)Gp(x3)
×
∂m

δ4(x1 − x2)
∂n

δ4(x2 − x3)
∂p

δ4(x3 − x1) . (3.14)
Passing to the momentum space, we obtain
Γhyp3 =
16
3
∫
d4p1d
4p2d
4p3
(2π)12
G˜m(p1)G˜n(p2)G˜p(p3)δ
4(p1 + p2 + p3)
×
∫
d4k
km(k − p2)n(k + p1)p
k2(k − p2)2(k + p1)2
. (3.15)
The divergent part of the momentum integral was calculated in the Appendix A.1, eq.
(A.12). Using this result, we find
Γhyp3,div =
4π2
9ε
∫
d4p1d
4p2d
4p3
(2π)12
δ4(p1 + p2 + p3)[G˜m(p1)G˜m(p2)G˜p(p3)(2p1 + p2)p
−G˜m(p1)G˜n(p2)G˜m(p3)(p1 + 2p2)n − G˜m(p1)G˜n(p2)G˜n(p3)(p1 − p2)m]
= −
1
8π2ε
∫
d4x(∂mGm)GnGn . (3.16)
Thus the contribution to the divergent part of the effective action from this term reads
Γhyp3,div = −
1
8π2ε
∫
d4x ln(1 + 4Iφ¯)∂n ln(1 + 4Iφ¯)∂n ln(1 + 4Iφ¯) . (3.17)
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Finally, let us consider the computation of four-point function
Γhyp4 = −8
∫
d4x1d
4x2d
4x3d
4x4Gm(x1)Gn(x2)Gp(x3)Gr(x4)
×
∂m

δ4(x1 − x2)
∂n

δ4(x2 − x3)
∂p

δ4(x3 − x4)
∂r

δ4(x4 − x1)
= −8
∫
d4p1 . . . d
4p4
(2π16)
G˜m(p1)G˜n(p2)G˜p(p3)G˜r(p4)δ
4(p1 + p2 + p3 + p4)
×
∫
d4k
km(k − p2)n(k + p1 + p4)p(p1 + k)r
k2(k − p2)2(k + p1 + p4)2(p1 + k)2
. (3.18)
Substituting the expression (A.13) for the divergent momentum integral, we obtain the
following expression for the divergent part of four-point function
Γhyp4,div = −
π2
3ε
∫
d4p1 . . . d
4p4
(2π)16
δ4(p1 + p2 + p3 + p4)3G˜m(p1)G˜m(p2)G˜n(p3)G˜n(p4)
= −
1
16π2ε
∫
d4x[Gm(x)Gm(x)]
2 . (3.19)
As a result, the corresponding contribution to the effective action is given by
Γhyp4,div = −
1
16π2ε
∫
d4x[∂m ln(1 + 4Iφ¯)∂m ln(1 + 4Iφ¯)]
2 . (3.20)
Now we sum up all the divergent contributions to the effective action found above, i.e.
(3.13), (3.17) and (3.20)
Γhypdiv = −
1
16π2ε
∫
d4x ln(1 + 4Iφ¯)2 ln(1 + 4Iφ¯)
−
1
8π2ε
∫
d4x ln(1 + 4Iφ¯)∂n ln(1 + 4Iφ¯)∂n ln(1 + 4Iφ¯)
−
1
16π2ε
∫
d4x[∂m ln(1 + 4Iφ¯)∂m ln(1 + 4Iφ¯)]
2 . (3.21)
After some work all three terms in the effective action (3.21) can be shown to reduce to
the following simple expression
Γhypdiv = −
1
π2ε
∫
d4x
I2φ¯φ¯
(1 + 4Iφ¯)2
. (3.22)
The expression (3.22) represents the complete divergent contribution to the effective action
in the deformed model of hypermultiplet interacting with the abelian gauge multiplet.
Once again, eq. (3.22) matches with the general ansatz (2.26).
As in the deformed gauge model, in order to cancel the divergent term (3.22) one
should add the corresponding counterterm to the classical action of the gauge model
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(2.6). In other words, to make the model renormalizable we should add to the classical
action (2.6) the expression
c1
∫
d4x
I2φ¯φ¯
(1 + 4Iφ¯)2
, (3.23)
where c1 is some constant. Remarkably, in a close similarity to the consideration in
the gauge model, the expression (3.23) can be completely absorbed into a redefinition of
another scalar field of the gauge multiplet in the classical action of the gauge model:
φ −→ φ− 2c1
I2φ¯
(1 + 4Iφ¯)2
, while φ¯ −→ φ¯ . (3.24)
Therefore, the appearance of such a divergent term does not spoil the renormalizability
of the theory in the sense that it can be removed by redefining the scalar field φ. On the
quantum level, the term (3.23) does not make any contribution to the effective action of
the model since we can perform the change of functional variables (3.24) in the functional
integral.
Let us now consider the general abelian N = (1, 0) non-anticommutative model of
gauge superfield field interacting with the hypermultiplet matter. It is described by the
classical action
S = SSYM + Shyp, (3.25)
where SSYM and Shyp are given by (2.6) and (3.3). Using the Feynman rules developed in
the Appendices A.2, A.3, it is easy to demonstrate that the total divergent contribution
in the model (3.25) is a sum of divergencies of each model (2.44) and (3.22)
Γdiv = Γ
SYM
div + Γ
hyp
div = −
6
π2ε
∫
d4x
4I3φ¯∂mφ¯∂mφ¯
(1 + 4Iφ¯)3
. (3.26)
The divergent term (3.26) can also be removed by a shift of the scalar field φ
φ −→ φ− 2c2
4I3∂mφ¯∂mφ¯
(1 + 4Iφ¯)3
, (3.27)
where c2 = −6/(π2ε) in this case. After the field redefinition (3.27) the effective action
of general abelian N = (1, 0) non-anticommutative model is divergence-free. Since the
divergent term (3.26) vanishes on the classical equations of motion, the S-matrix in this
models is finite.
4 Seiberg-Witten map and renormalizability
The Seiberg-Witten map for N = (1, 0) gauge model (2.6) was found in [6]. After the
redefinition of fields
ϕ = φ+ 4I(1 + 4Iφ¯)−1[AmAm + 4I
2(∂mφ¯)
2],
am = (1 + 4Iφ¯)
−1Am, ψ¯
k
α˙ = (1 + 4Iφ¯)
−1Ψ¯kα˙,
ψkα = Ψ
k
α + 4I(1 + 4Iφ¯)
−1Aαα˙Ψ¯
α˙k,
dkl = (1 + 4Iφ¯)−1[Dkl + 8I(1 + 4Iφ¯)−1Ψ¯kα˙Ψ¯
α˙l] (4.1)
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the action (2.6) simplifies drastically to
SSYM =
∫
d4x(−
1
2
ϕφ¯− iψαk ∂αα˙ψ¯
α˙k +
1
4
dkldkl)
+
1
4
∫
d4x(1 + 4Iφ¯)2(fmnfmn +
1
2
εmnrsfmnfrs) . (4.2)
Here fmn = ∂man − ∂nam. Note that the spinor and auxiliary fields are free, while the
interaction between the vector field and the scalar φ¯ in the second line of (4.2) is still
essential.
The action (4.2) is invariant under the abelian gauge transformations
δam = ∂mλ (4.3)
with λ being the gauge parameter. Therefore we use standard Lorentz gauge fixing
∂mam = 0 . (4.4)
Following the Faddeev-Popov procedure for constructing the functional integral, we in-
troduce the gauge fixing function
χ = ∂mam , (4.5)
which transforms as δχ = λ . Therefore the ghost fields do not interact with other fields
and completely decouple. The ghost action is given again by eq. (2.19). The generating
functional for Green’s functions is now given by 5
Z[J ] =
∫
D(ϕ, φ¯, ψ, ψ¯, am, b, c)δ(χ− ∂ma
m)e−
1
2
(SSYM+SFP+SJ) , (4.6)
where
SJ =
∫
d4x[ϕJϕ + φ¯Jφ¯ + ψ
i
α(Jψ)
α
i + ψ¯iα˙(Jψ¯)
iα˙ + am(Ja)m] . (4.7)
To represent the delta-function in the Gaussian form, we average the equation (4.6) with
the functional factor (2.22). As a result we obtain the gauge fixing action in the form
Sgf =
α
2
∫
d4x(1 + 4Iφ¯)2∂mam∂nan . (4.8)
For simplicity we choose the gauge fixing parameter α to be unity, α = 1 . As a result,
the generating functional (4.6) reads
Z[J ] =
∫
D(ϕ, φ¯, ψ, ψ¯, am, b, c)e
− 1
2
(Stot+SFP+SJ) , (4.9)
5Note that the Jacobian of the change of functional variables (4.1) is unity since this redefinition of
fields is local.
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where
Stot = SSYM + Sgf =
∫
d4x(−
1
2
ϕφ¯− iψαk ∂αα˙ψ¯
α˙k +
1
4
dkldkl) + Sa , (4.10)
and
Sa =
1
2
∫
d4x(1 + 4Iφ¯)2(∂mam∂nan + ∂man∂man − ∂man∂nam + εmnrs∂man∂ras) . (4.11)
It is evident that the scalar and spinor fields as well as the ghosts do not contribute
to the effective action. The only contribution comes from the part (4.11), namely
ΓSYM =
1
2
Tr ln
δ2Sa
δap(x)δaq(x′)
=
1
2
Tr ln[δpqδ
4(x− x′) + 2δpqGm∂mδ
4(x− x′)
+ 4G[p∂q]δ
4(x− x′)− 2εpqmnGm∂nδ
4(x− x′)] . (4.12)
The field Gm(x) was defined in eq. (2.17). The expression (4.12) is the starting point for
perturbative calculations of one-loop effective action in the N = (1, 0) non-anticommu-
tative SYM model. Note that it resembles the first line of eq.(2.30), except for the term
2δpqGm∂mδ
4(x−x′) . Therefore the further computations are very similar to ones given in
Sect. 2. As usual, only two-, three- and four-point diagrams are divergent. The two-point
function is given by
ΓSYM2 = −
∫
d4x1d
4x2[δpqGm(x1)∂m
1

δ4(x1 − x2) + 2G[p(x1)∂q]
1

δ4(x1 − x2)
+ εqpmnGm(x1)∂n
1

δ4(x1 − x2)][δqpGn(x2)∂n
1

δ4(x2 − x1)
+ 2G[q(x2)∂p]
1

δ4(x2 − x1) + εpqrsGr(x2)∂s
1

δ4(x2 − x1)] . (4.13)
To proceed, we pass to the momentum space and compute the divergent momentum
integrals according to eqs. (A.10), (A.11). As a result we find that the two-point function
(4.13) has no divergent contributions, i.e.
ΓSYM2,div = 0 . (4.14)
The absence of divergencies here is owing to the term 2δpqGm∂mδ
4(x − x′) in (4.12) and
(4.13). It gives the contribution which exactly cancels the expression (2.38) obtained by
similar calculations without this term.
The three- and four-point functions are defined by the following formal expressions:
ΓSYM3 =
4
3
Tr[(δpqGm(x)∂m + 2G[p(x)∂q] − εpqmnGm(x)∂n)
1

δ4(x− x′)]3, (4.15)
ΓSYM4 = −2Tr[(δpqGm(x)∂m + 2G[p(x)∂q] − εpqmnGm(x)∂n)
1

δ4(x− x′)]4. (4.16)
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The further computations are very similar to those in Sect.2, but with taking into ac-
count the term 2δpqGm∂mδ
4(x − x′) . After carefully tracking the coefficients during the
computations, we find that the three- and four-point functions also have no divergences,
ΓSYM3,div = 0 , Γ
SYM
4,div = 0 . (4.17)
As a result, we conclude that the abelian N = (1, 0) non-anticommutative gauge model
(4.2) is completely finite, thus
ΓSYMdiv = 0 (4.18)
without the necessity to perform any field redefinition such as (2.46).
The absence of divergencies in the abelian N = (1, 0) non-anticommutative gauge
model confirms the results of Sect.2, where these calculations were performed without the
use of Seiberg-Witten map (4.1). This is a consequence of the fact that the considered
model has a very specific interaction due to the non-anticommutativity.
One more important comment to be added is as follows. The abelian N = (1, 0) non-
anticommutative gauge model is described by the classical actions (2.6) or (4.2) which
are related to each other through the Seiberg-Witten map (4.1). It is obvious that the
Jacobian of such a change of functional variables (4.1) is unity (in the sense of dimensional
regularization). Therefore the effective actions in these two models should also be related
by the Seiberg-Witten map. As for the divergent part, we observe that it is trivial for both
models (2.6) and (4.2), since it can be removed by the shift (2.46) of the scalar field φ .
Note that this explains the appearance of only two out of three possible divergent terms
(2.26). Indeed, if the third term proportional to I4
∫
d4xf3(Iφ¯)(∂mφ¯∂mφ¯)
2 appeared in
the divergent part of the effective action, it could not be removed by any shift of the scalar
field φ , which would mean the presence of a nontrivial divergence in the model. However,
we have seen in this Section that the effective action in N = (1, 0) non-anticommutative
gauge theory is finite.
Let us consider also the general model of an abelian N = (1, 0) non-anticommutative
gauge superfield interacting with a neutral hypermultiplet. It is described by the sum
of the classical actions (2.6) and (3.3). In [7] it was shown that, after the appropriate
redefinition of fields (Seiberg-Witten map), the action of this model is given by
S = S0 + S1 , (4.19)
S0 =
∫
d4x[−
1
2
ϕˆφ¯ +
1
2
∂mfˆ
ak∂mfˆak − iψˆ
α
k ∂αα˙ψ¯
α˙k +
i
2
ρˆαa∂αα˙χˆ
α˙
a +
1
4
dkld
kl],(4.20)
S1 =
∫
d4x[
1
4
(1 + 4Iφ¯)2(fmnfmn +
1
2
εmnrsfmnfrs) + I(1 + 4Iφ¯)
−1ρˆβaρˆαafαβ ] ,(4.21)
where fαβ = i(∂αα˙a
α˙
β + ∂βα˙a
α˙
α) is one of two self-dual parts of the Maxwell field strength
fmn . The corresponding Seiberg-Witten map reads
fˆak = (1 + 4Iφ¯)fak , ρˆαa = (1 + 4Iφ¯)ραa ,
χˆα˙a = χα˙a + 4Iaαα˙ρaα − 8Iψ¯
α˙kfak ,
ϕˆ = ϕ− 4I(1 + 4Iφ¯)(fakfak) ,
ψˆαk = ψ
α
k − 4I(1 + 4Iφ¯)(ρ
αafak) . (4.22)
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Note that the action S0 (4.20) is free and it does not contribute to the effective action.
It is easy to demonstrate that the last term in (4.21) also does not give rise to any
quantum correction since it is impossible to form any loop with such interactions. The
only non-trivial contribution to the effective action comes from the first term in (4.21),∫
d4x
1
4
(1 + 4Iφ¯)2(fmnfmn +
1
2
εmnrsfmnfrs) . (4.23)
This expression just coincides with the one present in the gauge theory action (4.2).
Thus the quantum computations tell us once again that the general abelian N = (1, 0)
non-anticommutative model is finite
Γdiv = 0 . (4.24)
This result agrees with the one of Sect.3, modulo some divergent redefinition (3.27) of the
scalar field φ .
To summarize, the use of the Seiberg-Witten map in the models under consideration
makes it possible to avoid the divergent expressions in the effective action from the very
beginning. Otherwise, such expressions appear but they are removable by some divergent
redefinition of the scalar field φ .
5 Concluding remarks
In this paper we addressed the problem of renormalizability of two supersymmetric mod-
els with the nilpotent singlet deformation N = (1, 1)→ N = (1, 0): the model of abelian
N = (1, 1) gauge vector multiplet, as well as the model of abelian vector multiplet inter-
acting with a neutral hypermultiplet. Our main conclusion is that both these models are
finite.
The consideration is based on component field computations of all divergent Feynman
graphs and their regularization. We observe the following common features peculiar to
both considered models.
1. The renormalizability of these models can be established by ascribing non-standard
scaling dimensions to the component fields and then resorting to the general Wilso-
nian argument.
2. The effective action is defined only by one-loop contributions. The vertices cor-
responding to the new interaction induced by the non-anticommutativity have a
very specific structure that ensures the absence of higher-loop contributions to the
effective action.
3. The analysis of the Feynman rules in the models shows that the effective action
depends only on the field φ¯ (but not on φ). In other words, only the field φ¯ can
appear as the external legs while other fields can propagate only inside the loop.
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4. The diagrams with fermionic fields inside the loop do not contribute to the effec-
tive action (more precisely, these diagrams give an infinite contribution which is
commonly discarded within the dimensional regularization scheme). There are only
two types of non-trivial diagrams: with the vector field inside the loop in the gauge
model and with the scalar fields inside the loop in the hypermultiplet model.
5. The divergent diagrams carry only two, three or four external legs. Any diagrams
with more external legs are convergent.
6. The total divergent contribution to the effective action can be written in the form of
two terms (2.45) or one term (3.23), which are absent in the original classical actions
of the gauge model or the gauge-hypermultiplet model, respectively. However, these
divergences can be eliminated by simple redefinitions of the scalar field φ as in (2.46)
or (3.24). Since such a change of fields can be performed in the functional integral
defining the effective action (the Jacobian of such a change is unity), we conclude
that all divergencies can be eliminated by such redefinitions. An important property
is that the coupling constant (deformation parameter) I is not renormalized, so its
β-function is equal to zero. Note also that the divergent terms (2.45,3.23) vanish on
the classical equations of motion, therefore the S-matrix is divergence-free. In this
sense the considered models are finite.
7. In the N = (1, 0) non-anticommutative gauge models, both with and without the
hypermultiplet, there exists a Seiberg-Witten map which essentially simplifies the
classical actions of these theories. It is an amazing feature of the considered mod-
els that in terms of the new fields (after performing the Seiberg-Witten map) the
quantum effective action is completely free of divergencies. This emphasizes the
“unphysical” nature of the divergent terms which appear when using the original
fields (before performing the Seiberg-Witten map).
All these properties look rather strange since they are not featured by conventional field
models. However, these peculiarities are explained by the fact that the considered models
become free when the non-anticommutativity is turned off. In this connection, it seems
important to study the renormalizability and the problem of effective action in various
N = (1, 0) non-anticommutative models which remain interacting in the undeformed
limit. One of the simplest theories of this kind is a charged hypermultiplet interacting
with an external abelian gauge superfield. As is well known (see e.g. [25, 26]), the low-
energy effective action of the undeformed charged hypermultiplet model is described by the
holomorphic potential. Therefore, it is very interesting to find the analogous contributions
to the effective action in the corresponding non-anticommutative model. Note that the
similar problems forN = (1/2, 0) Wess-Zumino and gauge models were successfully solved
in the works [20, 21]. Also it would be useful to investigate the next-to-leading corrections.
In conventional (undeformed) N = 2, 4 gauge models such corrections form the non-
holomorphic effective potential having rather universal form [27]. It would be interesting
to clarify the structure of next-to-leading corrections in the non-anticommutative theories.
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Apart from the feature that the considered field theories look like the “toy” models
since they become free in the undeformed limit, the proof of their renormalizability is
an important first step in attacking the issue of renormalizability of deformed general
non-abelian N = (1, 0) gauge theories. Indeed, these models appear as a U(1) part
of general non-abelian N = (1, 0) gauge theories. The renormalizability in the U(1)
sector is necessary (but of course not sufficient) for the whole non-abelian theory to be
renormalizable (see, e.g., the analysis of renormalizability of the N = (1/2, 0) SYM model
in [18, 19]). However, the non-abelian generalization of our results is a very non-trivial
task, since for the time being the non-abelian deformed models are insufficiently studied
even at the classical level [6, 7].
Another possible direction of extending our results is related to the issue of renor-
malizability of non-anticommutative N = (1, 1) models with non-singlet deformations
considered e.g. in [10, 11].
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A Appendices
A.1 Divergent momentum integrals
All divergent momentum (loop) integrals in quantum field theory can be calculated using
the dimensional regularization. For example, there is the list of standard formulas [28] 6
∫
ddk
(k2 + 2kQ+M2)α
=
πd/2
Γ(α)(M2 −Q2)α−d/2
Γ
(
α−
d
2
)
, (A.1)
6Note that we work in the Euclidean space, therefore our expressions differ from those given in [28]
by the imaginary unit factor.
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∫
ddk km
(k2 + 2kQ+M2)α
=
−Qmπd/2
Γ(α)(M2 −Q2)α−d/2
Γ
(
α−
d
2
)
, (A.2)∫
ddk kmkn
(k2 + 2kQ+M2)α
=
πd/2
Γ(α)(M2 −Q2)α−d/2
[
QmQnΓ
(
α−
d
2
)
+
1
2
δmn(M
2 −Q2)Γ
(
α− 1−
d
2
)]
, (A.3)∫
ddk kmknkp
(k2 + 2kQ+M2)α
=
πd/2
Γ(α)(M2 −Q2)α−d/2
[
−QmQnQpΓ
(
α−
d
2
)
−
1
2
(δmnQp + δnpQm + δpmQn)
× (M2 −Q2)Γ
(
α− 1−
d
2
)]
, (A.4)∫
ddk kmknkpkr
(k2 + 2kQ+M2)α
=
πd/2
Γ(α)(M2 −Q2)α−d/2
[
QmQnQpQrΓ
(
α−
d
2
)
+
1
2
(δmnQpQr + permutations)(M
2 −Q2)Γ
(
α− 1−
d
2
)
+
1
4
(δmnδpr + permutations)
× (M2 −Q2)2Γ
(
α− 2−
d
2
)]
. (A.5)
Each of the expressions (2.33) has the corresponding representation in the momentum
space: [
∂m

δ4(x− x′)
]2
−→
∫
d4k
km(p+ k)n
k2(p + k)2
, (A.6)[
∂m

δ4(x− x′)
]3
−→
∫
d4k
km(k − p2)n(k + p1)p
k2(k − p2)2(k + p1)2
, (A.7)[
∂m

δ4(x− x′)
]4
−→
∫
d4k
km(k − p2)n(p1 + p4 + k)p(p1 + k)r
k2(k − p2)2(k + p1 + p4)2(p1 + k)2
. (A.8)
Using eqs. (A.2), (A.3), one can calculate the integral (A.6)∫
d4k
km(p+ k)n
k2(p+ k)2
= −π2(p2)−ε
Γ(ε)Γ2(2− ε)
Γ(4− 2ε)
[
pmpn + p
2 δmn
2(1− ε)
]
. (A.9)
In our calculations we are interested only in the divergent part of the effective action.
Therefore we should consider only the divergent part of the expression (A.6) in the limit
ε→ 0 [∫
d4k
km(p+ k)n
k2(p + k)2
]
div
= −
π2
6ε
[pmpn + p
2 δmn
2
] . (A.10)
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In particular, [∫
d4k
kn(p+ k)n
k2(p+ k)2
]
div
= −
π2
2ε
p2. (A.11)
The pole factor 1/ε appears here from the asymptotics of the gamma-function Γ(ε)|ε→0 =
1
ε
− γ +O(ε) , where γ is Euler constant.
Similarly, using eqs. (A.4), (A.5), we find the divergent parts of the remaining integrals
(A.7), (A.8): [∫
d4k
km(k − p2)n(k + p1)p
k2(k − p2)2(k + p1)2
]
div
=
π2
12ε
[δmn(2p1 + p2)p − δpm(p1 + 2p2)n
−δnp(p1 − p2)m], (A.12)[∫
d4k
km(k − p2)n(p1 + p4 + k)p(p1 + k)r
k2(k − p2)2(k + p1 + p4)2(p1 + k)2
]
div
=
π2
24ε
(δmnδpr + δmpδnr + δmrδnp).(A.13)
A.2 Feynman graphs in SYM model
The action (2.25) defines the Feynman rules in the deformed gauge model. The propaga-
tors have the standard form in the quantum field theory listed in the following table
Propagator Line
−1
2
∫
d4xφφ¯→ 〈φ(x)φ¯(x′)〉 = − 2

δ4(x− x′) φ φ¯
i
∫
d4xΨiα∂αα˙Ψ¯
α˙
i → 〈Ψ
iα(x)Ψ¯α˙j (x
′)〉 = −2i∂
αα˙

δ4(x− x′)δij
Ψ Ψ¯
−1
2
∫
d4xAnAn → 〈Am(x)An(x′)〉 = −
2

δ4(x− x′)δmn
Am An
The vertices defined by the action (2.25) have quite complicated form. Schematically,
they can be depicted as
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Interaction Vertex
−1
2
∫
d4x
16I3φ¯∂mφ¯∂mφ¯
1 + 4Iφ¯
φ¯
1
1+4Iφ¯
∂mφ¯
∂mφ¯
i
∫
d4x
4IAmσm
α
α˙Ψ¯
iα˙
1 + 4Iφ¯
(σn)αβ˙∂n
(
Ψ¯β˙i
1 + 4Iφ¯
)
Am
1
1+4Iφ¯
1
1+4Iφ¯Ψ¯
Ψ¯
∫
d4x [AnGm∂nAm − AnGn∂mAm − εmnrsGmAn∂rAs]
=
∫
d4xXsrn(φ¯)An∂rAs,
Xsrn(φ¯) = Gsδrn −Gnδrs − εmnrsGm
∂rAs
An
Xsrn(φ¯)
i
∫
d4xΨ¯β˙i (σm)αα˙∂mΨ
iα
∞∑
n=2
(−4Iφ¯)n
= i
∫
d4xΨ¯β˙i (σm)αα˙∂mΨ
iαY (φ¯),
Y (φ¯) =
∞∑
n=2
(−4Iφ¯)n
Ψ¯
Y (φ¯)
∂Ψ
Analyzing the propagators and vertices given above, one can observe that there are
only two types of nontrivial loop diagrams shown at Fig. 1. Both these diagrams have
arbitrary numbers of external lines. The effective action corresponding to the diagram a)
is calculated in Sect. 2. The sum of diagrams b) makes the trivial contribution to the
effective action. Indeed, it corresponds to the following one-loop effective action
ΓΨ = Tr ln
δ2SΨ
δΨαi (x)δΨ¯
jα˙
= Tr ln
[
−i
δij(σn)αα˙∂nδ
4(x− x′)
1 + 4Iφ¯
]
= 2Tr ln[(σn)αα˙∂nδ
4(x− x′)] + 2Tr ln
[
δ4(x− x′)
1 + 4Iφ¯
]
≃ 0 . (A.14)
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X(φ¯)
X(φ¯)
X(φ¯)
X(φ¯)
X(φ¯)a)
Y (φ¯)
Y (φ¯)
Y (φ¯)
Y (φ¯)
Y (φ¯)
b)
Fig. 1. Two types of one-loop diagrams with vector and spinor internal lines.
Z(φ¯)
Z(φ¯)
Z(φ¯)
Z(φ¯)
Z(φ¯)
a)
4Iφ¯
4Iφ¯
4Iφ¯
4Iφ¯
4Iφ¯
b)
Fig. 2. Two types of one-loop diagrams with scalar and spinor internal lines.
Both terms in the second line of eq. (A.14) are trivial.
A.3 Feynman graphs in hypermultiplet model
Feynman rules in the deformed hypermultiplet model are defined by the action (3.3). The
propagators have the standard form
Propagator Line
−1
2
∫
d4xfakfak → 〈fak(x)fa′k′(x′)〉 = −
2

δ4(x− x′)δaa′δ
k
k′
fak fa′k′
i
2
∫
d4xραa∂αα˙χ
α˙
a → 〈ρ
αa(x)χα˙b (x
′)〉 = −i∂
αα˙

δ4(x− x′)δab
ραa χα˙b
The vertices defined by the action (3.3) are given in the following table
27
Interaction Vertex
1
2
∫
d4x(8Iφ¯+ 16I2φ¯2)∂mf
ak∂mfak
= 1
2
∫
d4xZ(φ¯)∂mf
ak∂mfak,
Z(φ¯) = 8Iφ¯+ 16I2φ¯2
Z(φ¯)
∂mf
ak
∂mfak
i
2
∫
d4x4Iφ¯ραa∂αα˙χ
α˙
a
4Iφ¯
ραa
∂αα˙χ
α˙
a
4i
∫
d4xΨ¯α˙kρ
α
a∂αα˙f
ak
Ψ¯α˙k
ραa
∂αα˙f
ak
2i
∫
d4xIραaAm∂mραa
Am
ραa
∂mραa
i
∫
d4xIρβaραa∂(αα˙A
α˙
β)
∂(αα˙A
α˙
β)
ρβa
ραa
Like in the gauge model, one can observe that there are only two types of nontrivial
diagrams shown in Fig. 2. The computation of these diagrams is considered in Sect.
3. Note that the diagram with the fermionic loop give only trivial contribution to the
effective action, see eq. (3.6).
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